Iwasawa invariants for the False–Tate extension and congruences between modular forms  by Sharma, Aribam Chandrakant
Journal of Number Theory 129 (2009) 1893–1911Contents lists available at ScienceDirect
Journal of Number Theory
www.elsevier.com/locate/jnt
Iwasawa invariants for the False–Tate extension
and congruences between modular forms
Aribam Chandrakant Sharma
School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road, Colaba, Mumbai 400 005, India
a r t i c l e i n f o a b s t r a c t
Article history:
Received 18 August 2008
Revised 25 February 2009
Available online 23 April 2009
Communicated by S.J. Edixhoven
MSC:
primary 11R23
secondary 11F33, 11F80, 11F85
Keywords:
Modular forms
Hida theory
Galois representations
Selmer groups
Euler characteristics
p-Adic Lie groups
p-Adic L-functions
Modular symbols
For an ordinary prime p  3, we consider the Hida family
associated to modular forms of a ﬁxed tame level, and their Selmer
groups deﬁned over certain Galois extensions of Q(μp) whose
Galois group is G ∼= Zp  Zp . For Selmer groups deﬁned over the
cyclotomic Zp-extension of Q(μp), we show that if the μ-invariant
of one member of the Hida family is zero, then so are the μ-
invariants of the other members, while the λ-invariants remain the
same only in a branch of the Hida family. We use these results
to study the behavior of some invariants from non-commutative
Iwasawa theory in the Hida family.
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1. Introduction
The main aim of this paper is to study non-commutative Iwasawa theory along Hida families. Let
fk =∑an( fk)qn be a modular cusp form of weight k, level Npr with (N, p) = 1 and nebentypus χ .
We further assume that fk is a p-ordinary (i.e., ap( fk) is a p-adic unit) and p-stabilized newform.
Consider the Hida family associated to fk which consists of all p-ordinary and p-stabilized cusp forms
whose associated mod p residual Galois representations are all isomorphic. We denote this mod p
residual representation by ρ¯ , and the Hida family by H(ρ¯) (see Remark 3.3).
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1894 A.C. Sharma / Journal of Number Theory 129 (2009) 1893–1911Let μpn be the group of pnth roots of 1 and μp∞ =⋃n μpn . The False–Tate extension of Q is the
extension
F∞ :=
⋃
n
Q
(
μpn ,m
1/pn) (1)
where m is an integer such that νq(m) is not divisible by p, for any prime q dividing m; here νq
denotes the q-adic order valuation on Q. It is a non-abelian pro-p, p-adic Lie extension of F := Q(μp).
Clearly, Q(μp∞) ⊂ F∞ , and we write H := G(F∞/Q(μp∞ )). For any p-adic Lie group G and a ﬁnite
integral extension O of Zp , we denote by ΛO(G) the Iwasawa algebra of G deﬁned by
ΛO(G) = lim←− O[G/U ]
where U runs over the open, normal subgroups of G , and the inverse limit is taken with respect to
the canonical projection maps. We simply put Λ (respectively ΛO), for the Iwasawa algebra Zp[[Γ ]]
(resp. O[[Γ ]]), where Γ ∼= Zp is the Galois group of the cyclotomic Zp-extension of any number ﬁeld.
For each modular form g ∈ H(ρ¯) consider the Selmer group attached to the p-adic Galois rep-
resentation associated to the form g over the False–Tate extension, the deﬁnition of which is given
in Deﬁnition 2.4. Such Selmer groups over p-adic Lie extensions for elliptic curves have been stud-
ied by Coates and Howson [CH], Hachimori and Venjakob [HV] in the context of non-commutative
Iwasawa theory. In particular, Howson has deﬁned the analogue of the classical λ-invariant in [H],
the deﬁnition of which we recall in Section 4. In the case of the Selmer groups attached to the
False–Tate extension it is just the Λ(H)-corank. We study the variation of these non-commutative
invariants when the modular forms vary over a Hida family (see Theorem 4.12). Such a variation has
been studied by Emerton, Pollack and Weston in [EPW] for the classical Iwasawa invariants of Selmer
groups associated to ordinary p-adic Galois representations of modular forms over the cyclotomic
Zp-extension of Q. Tom Weston studied the variation of these classical Iwasawa invariants in more
general Galois deformations in [W]. Their studies are largely inspired by the paper of Greenberg and
Vatsal [GV].
Our approach is based on the precise link between the non-commutative algebraic Iwasawa in-
variants mentioned above and the classical Iwasawa invariants for the cyclotomic-Zp extension. It is
inspired by the methods in [CSS] and [HV]. In addition, we also use results from [EPW]. The other im-
portant ingredients are the description of the images of the decomposition groups at various primes,
level lowering results and a deep result of Kato that the Selmer groups of modular forms deﬁned over
cyclotomic extensions of abelian number ﬁelds are cotorsion over the Iwasawa algebra.
Here is the plan of the paper. In Section 2, we set some notations and recall some preliminaries,
and in Section 3 we recall results from Hida theory that we require later. In Section 4 we compute the
Λ(H)-coranks of the Selmer groups deﬁned over a False–Tate extension. Finally, in Section 5 we give
a nice numerical example, where we show that the μ-invariant of the Selmer group of the Ramanujan
Delta function over the ﬁeld Q(μ11∞) is zero. We then use it to illustrate the results we prove.
2. Notation and preliminaries
Let Q¯ and Q¯l be ﬁxed algebraic closures of Q and Ql respectively. Throughout, p will denote an
odd prime. We ﬁx an embedding Q ↪→ Q¯l for every prime l. Let Gl denote a decomposition subgroup
above a prime of l given by this embedding and Il denote its inertia subgroup. Let Frobl denote the
Frobenius element in Gl/Il . The p-adic cyclotomic character is denoted by χp .
Throughout, we use the notation F = Q(μp). For any number ﬁeld L, we denote by Lcyc the cyclo-
tomic Zp-extension of L and by L∞ :=⋃n L(μpn ,m1/pn ), the False–Tate extension of L. Then, as the
extension F cyc is totally ramiﬁed over Q, by abuse of notation, we denote the unique prime of F and
F cyc lying above p by vp . Let Z
×
p,N = Z×p × (Z/N)× , where (N, p) = 1, and let Z×p,N
〈 〉Np−→ Zp[[Z×p,N ]]
be the natural inclusion map. We recall that Λ is non-canonically isomorphic to the power series
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and mapping 〈γ 〉p to 1+ T .
Let f =∑anqn ∈ Sk(Npr,χ), with (N, p) = 1, be a newform of weight k  2, and ordinary at p.
Let K f denote the number ﬁeld generated by the Fourier coeﬃcients of f . Let ℘ denote a prime of K f
above p determined by the embedding ιp . Let K f ,℘ denote the completion of K f at ℘ , O f ,℘ denote
its ring of integers, and k denote the residue ﬁeld of O f ,℘ . By Class Field theory, the nebentype χ
can be viewed as a character of G(Q(μNpr )/Q). Then we have the following theorem due to Eichler,
Deligne, Shimura, Mazur–Wiles, Wiles, which may be found conveniently in [Wi].
Theorem 2.1. Let f =∑a(n)qn be a newform, of weight k 2, level Npr , (N, p) = 1, nebentype χ , with K f ,℘
as above. Then there exists a 2-dimensional Galois representation over K f ,℘ ,
ρ f : GQ → GL2(K f ,℘) (2)
with the following properties:
(i) The representation ρ f is unramiﬁed at all primes l  Np, and
Trace
(
ρ f (Frobl)
)= al, det(ρ f (Frobl))= χ(l)χp(Frobl)k−1.
By the Chebotarev Density Theorem it follows that det(ρ f ) = χχk−1p .
(ii) The restriction of ρ f to Gp is upper-triangular. More precisely,
ρ f |Gp ∼
(
δ u
0 
)
where δ,  : Gp → O f ,℘× are characters with  unramiﬁed, and u is a continuous function. Moreover
(Frobp) is equal to the unique p-adic unit root of the polynomial X2 − ap X +χ(p)pk−1 if r = 0; and is
equal to ap if r  1.
For primes dividing N , we have the following results which are due, under varying degrees of
generality, to Eichler, Shimura, Langlands and Carayol [C1,L].
Theorem 2.2. For a modular form as in Theorem 2.1, let C be the conductor of the nebentype χ and let l be
any prime which divides N. Then:
(i) (Ramiﬁed Principal Series). If ordl(N) = ordl(C) > 0, then |al|2 = lk−1 , and ρ f restricted to the decom-
position subgroup Gl at l is equivalent to a diagonal representation
ρ f |Gl ∼
(
χ 0
0 δl
)
where χ is a Dirichlet character, which is regarded as a Galois character χ : GQ → O f ,℘× by Class Field
theory, and δl is an unramiﬁed character with δl(Frobl) = the eigenvalue of the Hecke operator Ul .
(ii) (Steinberg) If ordl(N) = 1 and ordl(C) = 0, then a2l = χ(l)lk−2 , and ρ f restricted to the decomposition
group Gl is ramiﬁed with
ρ f |Gl ∼
(
ηχp ∗
0 η
)
where η is an unramiﬁed character with η(Frobl) = al .
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l = 2, then ρ f |Gl is induced from a character of a quadratic extension of Ql .
Remark 2.3. It is known that the image of the inertia group at l is ﬁnite except in case (ii) (see [C1]).
Let V f denote the representation space for ρ f . The compactness of the Galois group GQ allows
us to choose a lattice T f , which is stable under the action of GQ . Put A f = V f /T f . Then, by Theo-
rem 2.1(ii) there exists a ﬁltration of A f ,
0⊂ F+A f ⊂ A f
where Gp acts on F+A f via the character δ and on the quotient A˜ f := A f /F+A f by the unramiﬁed
character  . We shall henceforth assume that the corresponding residual representation
ρ¯ f : GQ → GL2(k)
is absolutely irreducible. It follows that, up to conjugation by GL2(O f ,℘), there is a unique integral
model
ρ f : GQ → GL2(O f ,℘)
which we now ﬁx (cf. [C2]).
Let L be any pro-p, p-adic Lie extension of F . Let Σ = any ﬁnite set of places of F containing
the prime above p, all archimedean places, all primes ramiﬁed in L and all places dividing the tame
level N of f . We denote the maximal extension of L which is unramiﬁed outside the set Σ by LΣ .
For a prime v of L we write v | Σ if v lies above a prime in Σ . For a prime v of L, we ﬁx a
compatible set of restrictions of v at all ﬁnite layers of L over F . We denote by Lv the union of the
corresponding completions at the ﬁnite layers.
We then deﬁne
H1s (Lv , A f ) =
{
H1(Lv , A f ) for v  p,
im[H1(Lv , A f ) → H1(Iv , A f /F+A f )] for v | p,
(3)
where Iv is the inertia subgroup of GLv .
Deﬁnition 2.4. The Selmer group of A f over the p-adic Lie extension L/F is deﬁned as
Sel(L, A f ) = ker
[
H1
(LΣ/L, A f )→∏
v|Σ
H1s (Lv , A f )
]
. (4)
Remark 2.5. The Selmer group Sel(L, A f ) depends upon the lattice which we have chosen.
We regard Sel(L, A f ) as an O f ,℘[[G(L/F )]]-module via the natural action of G(L/F ). These
Selmer groups are discrete so that their Pontryagin duals, denoted by X(L, A f ), are compact groups.
It is a deep theorem of Kato [K] that the Selmer groups Sel(F cyc, A f ) are cotorsion over the Iwasawa
algebra O f ,℘ [[Γ ]], where Γ := G(F cyc/F ). Classical structure theorem then allows us to deﬁne the
following invariants.
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(i) The μ-invariant of Sel(F cyc, A f ), denoted by μ f , is deﬁned to be the largest power of π divid-
ing the characteristic power series of the ΛO f ,℘ -dual of Sel(F cyc, A f ), where π is a uniformizer
of O f ,℘ .
(ii) The λ-invariant of Sel(F cyc, A f ), denoted by λ f , is deﬁned to be the O f ,℘ -rank of X(F cyc, A f ).
Remark 2.7. If μ f = 0, then the Selmer group is coﬁnitely generated as an O f ,℘ -module and if it
does not have any pseudonull submodules, then it is in fact O f ,℘ -cofree.
3. Hida theory
In this section, we brieﬂy recall some facts from Hida theory, the main references are [Hi1,Hi2,
EPW]. Let L be a ﬁnite extension of Qp , and OL be its ring of integers. Let LL denote the quotient
ﬁeld of ΛOL . As in [Hi1, Section 3], let p(N,OL) (denoted TnewN in [EPW, Section 2.1]) be the uni-
versal Hecke algebra of newforms. It follows from [Hi1, Corollary 3.7] that the height one primes
of p(N,OL) correspond to normalized eigenforms of tame conductor N , which are p-ordinary. Fur-
ther, Hida showed that there is a GQ representation that encodes each of the GQ representations
associated to each of the modular forms that come from the ideal p(N,OL). More precisely, we have
(see [Hi2, Section 2] for details)
Theorem 3.1. (See [Hi2, Theorem 2.1].) There is a continuous Galois representation
ρ : GQ → GL2
(
p(N,OL) ⊗Λ LL
)
such that
(i) ρ is unramiﬁed outside Np;
(ii) if l  Np, then ρ(Frobl) has characteristic polynomial equal to
X2 − Tl X + 〈l〉Npl−1 ∈ p(N,OL)[X];
(iii) the space of I p-coinvariants of ρ is free of rank one over p(N,OL)⊗Λ LL and Frobp acts on this space via
the operator U p ∈ p(N,OL).
For a minimal prime ideal a of p(N;OL), ρ induces the representation
ρa : GQ → GL2
(
p(N;OL)a
)
where p(N;OL)a denotes the localization at the prime ideal a. Let K(a) denote the quotient
p(N;OL)/a, and I(K(a)) denote the integral closure of K(a) in its quotient ﬁeld (this is denoted
by T̂ in the proof of [EPW, Proposition 2.2.4]).
Let V denote a two-dimensional vector space over the fraction ﬁeld of K(a), denoted by Q(K(a)),
on which ρa acts via its residual representation, and let M be a rank two I(K(a))-lattice in V invari-
ant under GQ . If P is a classical height one prime of p(N,OL) containing a, then (cf. [EPW, proof of
Proposition 2.2.4]), it follows that the injection,
I(K(a))P → (K(a))P
is an isomorphism. Let V (P) = (M/PM)[1/p] denote the two-dimensional GQ representation space
over the residue ﬁeld of I(K(a))P . Recall [Hi1, Corollary 3.7] that corresponding to the classical height
one prime P , there is a normalized eigenform, say fP , of tame conductor N . Then the representa-
tion V (P) is equivalent to the representation ρ¯P attached to the newform fP . In other words, the
representation associated to fP comes from the residual representation of ρa .
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prime ideal a of p(N,OL), as above, is called the branch associated to a.
Remark 3.3. Let ρ¯ : GQ → GL2(F) be an absolutely irreducible residual representation into a ﬁnite
ﬁeld F, which is associated to a p-ordinary, p-stabilized newform f of weight k, level Nps , and
nebentype χ . Then the primitive local ring (see [Hi2, Section 1, p. 554] for the deﬁnition) to which
f belongs may be viewed under suitable conditions (cf. [Hi3, Section 3.2.4]) as the universal defor-
mation ring parameterizing lifts of ρ¯ which are p-ordinary, p-stabilized and whose tame level is N .
We refer to the set of these modular forms as the Hida family of ρ¯ , denoted by H(ρ¯) (see [EPW,
Deﬁnition 2.4.3] also). In particular, all the residual representations of the modular forms in H(ρ¯) are
isomorphic to ρ¯ .
As in [EPW], we want to compare the Iwasawa invariants of Sel(F cyc, A f ) and Sel(F cyc, Ag), where
f and g are two modular forms in H(ρ¯). I would like to thank the referee for following approach
leading to the proof of Proposition 3.7. In fact, the following lemmas required to prove this proposition
are well known.
Lemma 3.4. Let  = G(F/Q). Then the restriction map
Sel
(
F cyc, A f
)→ (Sel(F cyc, A f ))
has ﬁnite kernel and cokernel.
Proof. This follows directly from the fact that A f is coﬁnitely generated; cf. [HM, Lemma 3.3] for
details. In fact, using the fact order of  is coprime to p we even have an isomorphism, but we do
not require this in what follows. 
Now, let ω denote the mod p-cyclotomic character of  = G(Q(μp)/Q). Then by giving A f ⊗
ωi the ﬁltration induced from A f at the prime dividing p, we can deﬁne the Selmer groups
Sel(Qcyc, A f ⊗ωi). This is a module over ΛO f ,℘ , and by the theorem of Kato in [K] they are cotorsion
over ΛO f ,℘ . The Iwasawa invariants of Sel(Qcyc, A f ⊗ωi) are similarly deﬁned as in Deﬁnition 2.6.
Lemma 3.5. Let μΓ (Sel(F cyc, A f )) = 0. Then
Sel
(
F cyc, A f
)∼= p−2⊕
i=0
(
Sel
(
F cyc, A f
)⊗ O f ,℘(ωi)). (5)
Proof. As modules over O f ,℘ [[GFcyc ]], we have
A f ∼= A f ⊗ωi .
From this, it follows easily that(
Sel
(
F cyc, A f
)⊗ O f ,℘(ωi)) = Sel(F cyc, A f ⊗ωi). (6)
Since μΓ (Sel(F cyc, A f )) = 0, therefore Sel(F cyc, A f ) is coﬁnitely generated over O f ,℘ . Now using the
fact that the irreducible representations of  are given by ωi for i = 0, . . . , p−2, we get the following
decomposition:
Sel
(
F cyc, A f
)∼= p−2⊕
i=0
(
Sel
(
F cyc, A f
)⊗ O f ,℘(ωi)).  (7)
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p−2⊕
i=0
Sel
(
Qcyc, A f ⊗ωi
)→ Sel(F cyc, A f ) (8)
obtained from the restriction map as in Lemma 3.4, (6) and (7) has ﬁnite kernel and cokernel.
Proof. Applying Lemma 3.4 to each of the twist A f ⊗ ωi and using the isomorphisms in (6) and (7),
the corollary follows. 
Proposition 3.7. If f and g are in the same Hida family H(ρ¯) and μ f = 0, then μg = 0. Further, if they are in
the same branch, then λ f = λg .
Proof. Consider the Selmer groups Sel(F cyc, A f [π ]) which are deﬁned by taking A f [π ] instead of A f
and taking F+A f [π ] for the local condition at the place above p. Then it is easy to see that
Sel(F cyc, A f [π ]) and Sel(F cyc, A f )[π ] differ by a ﬁnite set. Now, note that A f [π ] is nothing but the
residual representation associated to A f and hence isomorphic to the residual representation of Ag .
Since μ f = 0, therefore Sel(F cyc, A f )[π ] is ﬁnite. Therefore, if π ′ denotes a uniformizer of Og,℘ , then
it follows that Sel(F cyc, Ag[π ′]) is ﬁnite. Hence, Sel(F cyc, Ag)[π ′] is ﬁnite and μg = 0.
For the second part of the proposition, by [EPW, Theorem 4.3.4], Sel(Qcyc, A f ⊗ ω j) and
Sel(Qcyc, Ag ⊗ω j) have the same λ-invariants, therefore it follows from Corollary 3.6 that Sel(F cyc, A f )
and Sel(F cyc, Ag) have the same λ-invariants. 
4. Iwasawa invariants over the extension F∞/F
Recall that F = Q(μp), F∞ =⋃n Q(μpn ,m1/pn ), where m is p-power free. We have the following
diagram of ﬁelds.
F∞
H
F cyc = Q(μp∞)
Γ
F = Q(μp)
Q
Here H ∼= Zp and G(F∞/F ) ∼= Zp  Zp , with Γ acting on H by the cyclotomic character. Let
SN , Sm, S∞ denote set of primes in F lying over N,m and the inﬁnite prime respectively. As in the
previous section, we let vp denote the unique prime above p in the totally ramiﬁed extensions F
and F cyc . For a prime v of F∞ , let G(F∞/F )v denote the decomposition group of G(F∞/F ), and Hv
denote the decomposition subgroup of H. We state a lemma of Hachimori–Venjakob which deter-
mines the dimension of the decomposition subgroups of H as a p-adic Lie group [HV, Lemma 3.9].
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(i) If S = Sm ∪ {vp} ∪ S∞ , then F∞ is unramiﬁed outside S, and if v is a prime of F∞ not lying above any
prime in S, then G(F∞/F )v is a pro-p group topologically generated by the Frobenius and henceHv = 0.
(ii) If v = vp , then dimHv = 1 with Hv ∼= Zp . Moreover, F∞/Q is totally ramiﬁed at p.
(iii) If v ∈ Sm, v = vp , then for all places w∞ of F∞ lying over v, the local extension F∞,w∞/F cycw , where
w denotes the place of F cyc induced by w∞ , is a totally ramiﬁed Zp-extension. As a p-adic Lie group,
dimGv = dimG = 2, so that dimHv = 1; and the places of Sm\{vp} decompose only into ﬁnitely many
places in F∞ .
For a modular form f we retain the notations K f ,℘,O f ,℘, V f , A f , etc., of the previous sections,
with k the residue ﬁeld of O f ,℘ . We consider the Selmer groups Sel(F∞, A f ) as deﬁned in Section 2
by taking F∞ to be the p-adic Lie extension and Σ := SN ∪ Sm ∪ {vp} ∪ S∞ , and refer to them as
the False–Tate Selmer groups. We denote the Pontryagin dual of Sel(F∞, A f ) by X(F∞, A f ). These are
compact ΛO f ,℘ [[G(F∞/F )]]-modules.
Henceforth, we assume the following hypothesis.
Hypothesis 1. There exists a modular form g ∈ H(ρ¯), such that the Selmer group Sel(F∞/F , Ag) is
coﬁnitely generated as a ΛOg,℘ (H)-module.
Theorem4.2. AssumeHypothesis 1 holds, i.e., for onemember g ∈ H(ρ¯), Sel(F∞, Ag) isΛOg,℘ (H)-coﬁnitely
generated. Then, for any other member h of H(ρ¯), the Selmer group Sel(F∞, Ah) is coﬁnitely generated as
ΛOh,℘ (H)-module.
Proof. From [HV], we know that Sel(F∞, Ag) is Λ(H)-coﬁnitely generated if and only if Sel(F cyc, Ag)
is coﬁnitely generated over Og,℘ , but this is equivalent to saying that Sel(F cyc, Ag) is ΛOg,℘ (Γ )-
cotorsion with μg = 0. Hence, as a consequence of Kato’s theorem and Proposition 3.7 the theorem
follows. 
Under Hypothesis 1, the analogue of the λ-invariant for these Selmer groups, as proposed by
Howson [H], is the Λ(H)-rank of the dual of the Selmer group Sel(F∞, A f ), and it is given by the
following “Euler characteristic” formula:
corankΛ(H)
(
Sel(F∞, A f )
)=∑
i0
(−1)i corankO f ,℘ Hi
(H,Sel(F∞, A f )). (9)
Our aim in this section is to study the behavior of these non-commutative Iwasawa theoretic invari-
ants in the Hida family H(ρ¯). We will use analogues of the results in [CSS] to reduce the study of the
Λ(H) ranks to the study of the cyclotomic-λ invariants.
Proposition 4.3. Assume Hypothesis 1 holds. Then in the sequence deﬁning the Selmer group, Sel(F∞, A f )
(see Deﬁnition 2.4), the last map is surjective, and we have H1(H,Sel(F∞, A f )) = 0.
Proof. The surjectivity is shown in [HV, Section 7.1], and H1(H,Sel(F∞, A f )) = 0 follows as in [CSS,
Lemma 2.5] under the assumption that X(F cyc, A f ) is ΛO f ,℘ (Γ )-torsion where Γ = G(F cyc/F ). 
Recall the notation A˜ f = A f /F+A f from Section 2. In view of Proposition 4.3, we then have the
following fundamental diagram.
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∏
v|Σ H1s (F∞,v , A f ))H 0
0 Sel(F cyc, A f )
α
H1(FΣ/F cyc, A f )
β ∏
v|Σ H1s (F
cyc
v , A f )
⊕
v γv
0
Lemma 4.4. In the above fundamental diagram kerγvp is ﬁnite.
Proof. Let I∞,vp and I
cyc
vp denote the inertia subgroups of GF∞,vp and GFcycvp
respectively. Let G′ =
GF∞,vp /I∞,vp ∼= Ẑ. Similarly, let G = GFcycvp /I
cyc
vp
∼= Ẑ. Recall that the inertia subgroup at p acts trivially
on A˜ f , so that both I∞,vp and I
cyc
vp act trivially on A˜ f . In particular, this implies that
H0(G, A˜ f ) = A˜ f
(
F cycvp
)= H0(Hvp , A˜ f (F∞,vp )). (10)
By Deﬁnition 3, H1s (F∞,vp , A f ) = im[H1(F∞,vp , A f ) → H1(I∞,vp , A˜ f )]. This map is also the composite
of the following maps
H1(F∞,vp , A f )
η−→ H1(F∞,vp , A˜ f ) res−→ H1(I∞,vp , A˜ f ),
of which the ﬁrst map η is surjective as H2(F∞,vp , F+A f ) = 0 (cf. proof of [G4, Theorem 2.9]). There-
fore the image of the restriction map res is nothing but H1(I∞,vp , A˜ f )G
′
as H2(G′, A˜ I∞,vpf ) = 0. Hence,
im
[
H1(F∞,vp , A f ) → H1(I∞,vp , A˜ f )
]= H1(I∞,vp , A˜ f )G′ .
Similarly,
im
[
H1
(
F cycvp , A f
)→ H1(Icycvp , A˜ f )]= H1(Icycvp , A˜ f )G .
Now, the above two equalities along with the inﬂation–restriction sequence and the fact that
H2(G, A˜) = 0, gives the following commutative diagram.
0 H1(G′, A˜ f )Hvp H1(F∞,vp , A˜ f )Hvp H1s (F∞,vp , A f )Hvp
0 H1(G, A˜ f )
r
H1(F cycvp , A˜ f )
s
H1s (F
cyc
vp , A f )
γvp
0
Now, noting that I∞,vp ⊂ GF∞,vp ⊂ GFcycvp let E := GFcycvp /I∞,vp . We claim that H
2(E, A˜ f ) = 0. By local
Tate duality (cf. [NSW, Theorem 7.2.6]), we have
H2
(E, A˜ f [πn])∨ ∼= A˜[πn]′(F cycvp )∼= H2(F cycvp , A˜ f [πn])∨, ∀n,
where A˜ f [πn]′ = Hom(A f [πn],Qp/Zp(1)). As F cycvp is a ramiﬁed Zp-extension of Fvp , it follows
that H2(F cycvp , A˜ f [πn]) = 0 (cf. proof of [G4, Theorem 2.9]). Therefore, H2(E, A˜ f [πn]) = 0 for all n.
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H1(Hvp , H1(G′, A˜ f )) = 0. By Lemma 4.1(ii), Hvp ∼= Zp , from which we conclude that
corankO f ,℘ H
0(Hvp , H1(G′, A˜ f ))= 0. (11)
Therefore, corankO f ,℘ (coker r) = 0 and corankO f ,℘ ker r = corankO f ,℘ H1(G, A˜ f ). We also have
ker s = H1(Hvp , A˜ f (F∞,vp )). (12)
Applying snake lemma to the previous commutative diagram gives us
corankO f ,℘ kerγvp
= corankO f ,℘ ker s − corankO f ,℘ ker r (since coker r is ﬁnite)
= corankO f ,℘ H1
(Hvp , A˜ f (F∞,vp ))− corankO f ,℘ H1(G, A˜ f ) (by (11), and (12)).
Since Hvp and G are procyclic, this gives
corankO f ,℘ kerγvp = corankO f ,℘ H0
(Hvp , A˜ f (F∞,vp ))− corankO f ,℘ H0(G, A˜ f )
= corankO f ,℘ H0(G, A˜ f ) − corankO f ,℘ H0(G, A˜ f )
(
by (10)
)
= 0.
This completes the proof of the lemma. 
Proposition 4.5. Let X(F∞, A f ) = Sel(F∞, A f )∨ , the Pontryagin dual. Then
rankΛO f ,℘ (H) X(F∞, A f ) = λ f + corankO f ,℘
[ ⊕
v|Σ, v =vp
H1
(Hv , A f (F∞,v))⊕ kerγvp]. (13)
Proof. The proof follows by an easy diagram chase in the fundamental diagram on observing that kerβ
and cokerβ are ﬁnite. 
We next study the O f ,℘ -coranks of the local cohomology groups and show that they are the
same for all the members of the Hida family. This is done by determining the O f ,℘ -coranks of each
summand in the direct sum.
Lemma 4.6. Let v  p, π be a uniformizer of O f ,℘ , and  : GFv → O×f ,℘ be an unramiﬁed character. Then
|G
F
cyc
v
is trivial if and only if  ≡ 1 (mod π).
Proof. Let l denote the prime in Q lying below v in F , and w be the prime above v in F cyc . Let Gv =
G(F urv /Fv ), H′ = G(F urv /F cycw ), Γ = G(F cycw /Fv ). Then the lemma follows from the fact that Gv ∼=
∏
l Zl ,
H′ ∼=∏l =p Zl and Γ ∼= Zp . 
Using this lemma, we compute the O f ,℘ -coranks of the local cohomology groups in Proposi-
tion 4.5. Below we use Theorems 2.1, 2.2 to compute the O f ,℘ -coranks. We also use the explicit
matrix representation of ρ f . For a prime v of F∞ , we use the same notation v for the prime lying
below v in F cyc and F . Given a character φ : Gq → O×f ,℘ we put φ|v := φ|GFv and φ|cyc := φ|GFcycv for
a prime v of F = Q(μp) lying above q, and put rq := [Fv : Qq].
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= vp . Then for any
member f of H(ρ¯) we have
corankO f ,℘ H
1(Hv , A f (F∞,v))=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
2 if ρ¯|G
F
cyc
v
= 1,
1 if ρ¯|G
F
cyc
v
= 1, H0(F cycv , A f [π ]) = 0,
0 if ρ¯|G
F
cyc
v
= 1, H0(F cycv , A f [π ]) = 0.
(14)
Proof. If v  Sm with v = vp , then by Lemma 4.1(i), Hv is ﬁnite, hence
corankO f ,℘ H
1(Hv , A f (F∞,v))= 0.
On the other hand, if v | Sm and v = vp , then by Lemma 4.1(iii), Hv ∼= Zp , therefore
corankO f ,℘ H
1(Hv , A f (F∞,v))= corankO f ,℘ H0(Hv , A f (F∞,v))= corankO f ,℘ A f (F cycv ).
We now determine corankO f ,℘ A f (F
cyc
v ). As A f is unramiﬁed at q, so A
Iq
f = A f , which is π -divisible.
Further, as v = vp and Iq ⊂ GFcycv with the proﬁnite order of GFcycv /Iq prime to p, it follows that
H0(GFcycv /Iq, A f ) is also π -divisible. Therefore the exact sequence
0→ A f [π ] → A f π−→ A f → 0
induces the following exact sequence
0→ H0(GFcycv /Iq, A f [π ])→ H0(GFcycv /Iq, A f ) π−→ H0(GFcycv /Iq, A f ) → 0. (15)
If ρ¯|G
F
cyc
v
= the identity matrix, then we have H0(GFcycv /Iq, A f [π ]) ∼= A f (F
cyc
v )
∼= (O f ,℘/π)2. From
this, by noting that A f (F
cyc
v ) is π -divisible, it follows that A f (F
cyc
v )
∼= (K f ,℘/O f ,℘)2. Hence
corankO f ,℘ A f (F
cyc
v ) = 2.
Now, suppose that ρ¯|G
F
cyc
v
= 1, then dimk H0(F cycv , A f [π ]) = 1 or 0. If ρ¯|GFcycv = 1 with
dimk H0(F
cyc
v , A f [π ]) = 1. Then from the exact sequence (15), it follows that corankO f ,℘ A f (F cycv ) = 1.
On the other hand, if ρ¯|G
F
cyc
v
= 1 with dimk H0(F cycv , A f [π ]) = 0, then again from the exact se-
quence (15), it is clear that corankO f ,℘ A f (F
cyc
v ) = 0. Summing up we have shown the following
corankO f ,℘ A f
(
F cycv
)=
⎧⎪⎪⎪⎨⎪⎪⎪⎩
2 if ρ¯|G
F
cyc
v
= 1,
1 if ρ¯|G
F
cyc
v
= 1, H0(F cycv , A f [π ]) = 0,
0 if ρ¯|G
F
cyc
v
= 1, H0(F cycv , A f [π ]) = 0.
(16)
This completes the proof of the lemma. 
Lemma 4.8 (Ramiﬁed Principal Series). Let q = p and ordq(N) = ordq(C) > 0, where C is the conductor of
the nebentype, and let δq, f be the unramiﬁed character which occurs in the representation ρ f |Gq (see Theo-
rem 2.2). Let v be a prime of F∞ above q. Then
corankO f ,℘ H
1(Hv , A f (F∞,v))∼= {1 if δq, f |v ≡ 1 mod π, χ |GFcycv = 1 and v | Sm,0 otherwise.
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corankO f ,℘ H
1(Hv , A f (F∞,v))= corankOg,℘ H1(Hv , Ag(F∞,v)). (17)
Proof. By Theorem 2.2 on restricting to the decomposition subgroup Gq , we have
ρ f |Gq ∼
(
ψ f 0
0 δq, f
)
with δq, f the unramiﬁed character and δq, f (Frobq) = aq( f ). Therefore
ρ f |G
F
cyc
v
∼
(
(χδ−1q, f )|cyc 0
0 δq, f |cyc
)
as (δq, f ψ f )|cyc = χ |cyc . Since G(F cycv /Fv ) is a Zp extension, by Lemma 4.6 one gets δq, f |cyc = 1 if and
only if δq, f |v ≡ 1 (mod π), and in this case χδ−1q, f |cyc = χ |cyc with
ρ f |G
F
cyc
v
∼
(
χ |G
F
cyc
v
0
0 1
)
.
Now we claim that χ |G
F
cyc
v
= 1. For this, recall that the nebentype χ can be viewed, by Class Field
theory, as a character of G(Q(μNpr )/Q) ∼= (Z/Npr)× . As the conductor of χ is C , it must factor
through (Z/C)× ∼= G(Q(μC )/Q). Thus if χ |G
F
cyc
v
= 1, then GFcycv is contained in GQ(μC ) , so that F
cyc
v
contains Q(μC )v . In fact, Q(μC )v is contained in Q(μpn )v , for some n. But then the only roots of
unity in Q(μpn )v are μ(qs−1) for some s and μpn , so that μC ⊂ μ(qs−1) ∪ μpn . As q | C , so μq ⊂ μC ,
and hence μq ⊂ μpn . But this is not possible as q = p. Therefore the claim that χ |G
F
cyc
v
= 1. Hence,
A f
(
F cycv
)∼= (K f ,℘/O f ,℘) ⊕ (ﬁnite set).
In case, if v  Sm , then as v = vp , by Lemma 4.1(i) we see that H1(Hv , A f (F∞,v )) has O f ,℘ -corank
equal to zero.
Let v | Sm , then as v = vp , by Lemma 4.1(iii), we have Hv ∼= Zp . Therefore,
corankO f ,℘ H
1(Hv , A f (F∞,v))= corankO f ,℘ H0(Hv , A f (F∞,v))= corankO f ,℘ A f (F cycv ).
Hence, we have the following
corankO f ,℘ H
1(Hv , A f (F∞,v))= {1 if δq, f |v ≡ 1 mod π, χ |GFcycv = 1 and v | Sm,
0 otherwise.
Next, for any other form g in the Hida family H(ρ¯), note that g has level Npr , for some r  1. It
follows from [Hi2, Corollary 1.6], that the nebentypus of g is χχ¯ tp , for some t , where χ¯p denotes
the Teichmüller character which has conductor p. Let its conductor be Cg . Then it is easy to see that
ordq(Npr) = ordq(Cg), as (N, p) = 1, and hence q is a prime of Ramiﬁed Principal Series type for ρg as
well. Let the characters of ρg |Gq be ψg and δq,g , with δq,g unramiﬁed and δq,g(Frobq) = aq(g). Let π ′
denote a uniformizer of Og,℘ , so that Og,℘/π ′ ∼= k ∼= O f ,℘/π . Further, as the mod p residual Galois
representations of f and g are isomorphic the images of the Fourier coeﬃcients, aq( f ) and aq(g),
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F
cyc
v
= 1 ⇔ δq, f |v ≡ 1 (mod π) ⇔ aq( f )rq ≡ 1 (mod π) ⇔
aq(g)rq ≡ 1 (mod π ′) ⇔ δq,g |v ≡ 1 (mod π ′) ⇔ δq,g |G
F
cyc
v
= 1. From this, as done above, it follows that
corankOg,℘ H
1(Hv , Ag(F∞,v))∼= {1 if δq,g |v ≡ 1 mod π ′, χ |GFcycv = 1 and v | Sm,
0 otherwise.

Lemma 4.9 (Steinberg). Let q = p,ordq(N) = 1,ordq(C) = 0, and η f be the unramiﬁed character occurring
in the representation ρ f | Gq (see Theorem 2.2(ii)). Suppose v be a prime of F∞ above q, then
corankO f ,℘ H
1(Hv , A(F∞,v))= {1 if η f |v ≡ 1 mod π and v | Sm,
0 otherwise.
(18)
Moreover, if g is another member of H(ρ¯), then
corankO f ,℘ H
1(Hv , A f (F∞,v))= corankOg,℘ H1(Hv , Ag(F∞,v)). (19)
Proof. By Theorem 2.2, ρ|Gq is ramiﬁed and is equivalent to an upper triangular matrix
ρ f |Gq ∼
(
η f χp ∗
0 η f
)
such that η f (Frobq) = aq( f ) and (η2f χp)|cyc = (χχk−1p )|cyc . The image of the inertia subgroup is
known to be inﬁnite in this case, so that the entry ∗ is not zero on restricting to GFcycv . As η f is an
unramiﬁed character ρ|G(F cycv ) is determined by its congruence mod π . Therefore, if η f |v ≡ 1 (mod π),
then
ρ f |G
F
cyc
v
∼
(
1 ∗
0 1
)
.
Hence, A f (F
cyc
v ) ∼= K f ,℘/O f ,℘ . On the other hand, if η f |v ≡ 1 mod π , then A f (F cycv ) is ﬁnite. There-
fore, as in Lemma 4.8
corankO f ,℘ H
1(Hv , A f (F∞,v))= {1 if η f |v ≡ 1 mod π and v | Sm,
0 otherwise.
Next, let g be any other form in the same Hida family of ρ¯ . Then, as shown in the proof of Lemma 4.8,
it follows that q is a prime where the local Galois representation of g is also Steinberg at the prime q.
If
ρg |Gq ∼
(
ηgχp ∗
0 ηg
)
,
then the fact that aq( f ) ≡ aq(g) in k implies that η f |v ≡ ηg |v in k. Therefore,
corankOg,℘ H
1(Hv , Ag(F∞,v))= {1 if ηg |v ≡ 1 mod π ′ and v | Sm,
0 otherwise,
and the lemma is proved. 
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= p, ordq(N)  2,ordq(N) > ordq(C). Let v be a prime of F∞ lying above q.
Then
corankO f ,℘ H
1(Hv , A f (F∞,v))= 0. (20)
Proof. In this case it is known that the inertia subgroup Iq acts irreducibly on V f . There-
fore V
G
F
cyc
v
f = 0. Hence A f (F cycv ) = A
G
F
cyc
v
f is ﬁnite. If v  Sm , then by Lemma 4.1, Hv is ﬁnite
and hence corankO f ,℘ H1(Hv , A f (F∞,v )) = 0. On the other hand, if v | Sm , then by Lemma 4.1,
Hv has p-cohomological dimension one, so that corankO f ,℘ H1(Hv , A f (F∞,v )) = corankO f ,℘ H0(Hv ,
A f (F∞,v )) = 0. 
This ﬁnally completes the comparison of the Og,℘ -coranks of the local terms which we sought to
compare when g varies over all the members of H(ρ¯), and we have the following theorem.
Theorem 4.11. Let f be a modular form in the Hida family H(ρ¯) which satisﬁes the standing Hypothesis 1
and Ppr,Pst denote the primes at which the local Galois representations are Ramiﬁed Principal Series and
Steinberg respectively. Let wq denote a prime of F lying above q with q = p. Write rq := [Fwq : Qq] as above.
Further, let
• mgd = #{vq in F∞ | q  N, vq | Sm, ρ¯|G
F
cyc
v
= 1 in k},
• ngd = #{vq in F∞ | q  N, vq | Sm, ρ¯|G
F
cyc
v
= 1 in k, and A f [π ](F cycv ) = 0},
• mpr = #{vq in F∞ | q ∈ Ppr, vq | Sm, aq( f )rq ≡ 1 in k, χ |cyc = 1},
• mst = #{vq in F∞ | q ∈ Pst , vq | Sm, aq( f )rq ≡ 1 in k},
then:
(i) rkΛO f ,℘ (H) X(F∞, A f ) = λ f + 2mgd + ngd +mpr +mst .
(ii) Under the Hypothesis 1 there exists a ΛO f ,℘ (H)-homomorphism
X(F∞, A f ) ↪→ ΛO f ,℘ (H)λ f +2mgd+ngd+mpr+mst
with ﬁnite cokernel.
Proof. The ﬁrst statement is nothing but a collection of all the cases considered under the various
headings of primes which are Good, Ramiﬁed Principal, Steinberg, and Others, and using them in
Eq. (13). The second statement follows from the usual structure theorem for torsion modules over the
Iwasawa algebra ΛO f ,℘ (H) ∼= ΛO f ,℘ (Zp). 
Theorem 4.12. Let g,h be two modular forms in the Hida family H(ρ¯), such that the invariant μg over the
cyclotomic Zp extension of F = Q(μp) is zero, then μh = 0, and if they are in the same branch, then
rankΛOg,℘ (H) X(F∞, Ag) = rankΛOh,℘ (H) X(F∞, Ah).
Proof. The only thing to be noted here is that for g,h in the same branch of H(ρ¯), we have shown in
Proposition 3.7 that λg = λh , while for mgd,ngd,mpr,mst we have already shown above, in the course
of the case by case examination, that they do not depend upon the members of H(ρ¯). 
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In this ﬁnal section, we give an explicit numerical example to illustrate the results of the paper.
Dokchitser has made extensive computations of the μ invariants of elliptic curves over a ﬁeld of the
type Q(μp) in [D]. However we give an example which is not covered in his table. We use a result
of Greenberg and the modular symbols of Manin along with a very deep result of Kato to exhibit an
elliptic curve E/Q such that for F = Q(μp) the μ-invariant of the dual Selmer group X(F cyc, Ep∞) is
zero. We, in fact, show that the Main conjecture holds for this example. We now state the theorem
due to Kato (see [S,R]) which goes a long way towards proving the Main conjecture.
Theorem 5.1. (See [K].) Let E be an elliptic curve over Q, and F = Q(μp). Let f E be the cusp form of weight
two associated to E and L( f E , F , s) be its L-function. Then:
(i) Sel(F cyc, Ep∞ ) is Λ = Zp[[Γ ]]-cotorsion.
(ii) If L( f E , F ,1) = 0, then Sel(F , Ep∞) is ﬁnite.
(iii) Let g(T ) denote the characteristic polynomial for X(F cyc, Ep∞ ), and Lp( f E , F )(T ) denote the p-adic
L-function for E over F as deﬁned in [MSwD]. Then
(a) g(T ) | Lp( f E , F )(T ), if E has good ordinary reduction at p,
(b) T g(T ) | Lp( f E , F )(T ) if E has split multiplicative reduction at p.
Remark 5.2. If Sel(F , Ep∞) is ﬁnite, then by the Control Theorem of Greenberg in [G3,G4],
Sel(F cyc, Ep∞ )Γ is ﬁnite and g(0) = 0. This implies that Sel(F cyc, Ep∞ )Γ is ﬁnite [G3, Lemma 4.2].
If E(F )p = 0, then by [G3, Proposition 4.14], X(F cyc, Ep∞ ) has no non-zero pseudonull submodules,
and hence X(F cyc, Ep∞)Γ = 0, i.e., Sel(F cyc, Ep∞ )Γ = 0.
From the Euler characteristic formula in [G3, Lemma 4.2], we have
g(0) ∼ ∣∣Sel(F cyc, Ep∞)Γ ∣∣/∣∣Sel(F cyc, Ep∞)Γ ∣∣ (21)
where the symbol ∼ means that the two terms differ by a p-adic unit. The following lemma follows
easily from [G3, Proposition 4.14]. As a corollary, we have the following theorem.
Theorem 5.3. Under the condition that Sel(F , Ep∞ ) is ﬁnite and E(F )p = 0, we have:
(i) If p is a prime of good ordinary reduction and Lp( f E , F )(0) is a p-adic unit, then Sel(F cyc, Ep∞) = 0.
(ii) If p is a prime of split multiplicative reduction such that (T−1Lp( f E , F )(T ))(0) is a p-adic unit, then
Sel(F cyc, Ep∞) = 0.
Proof. (i) By the remark above, g(0) = 0. Together with Theorem 5.1 it follows that g(0) is a p-adic
unit. From (21), the remark above and the fact that |Sel(F cyc, Ep∞)Γ | is a power of p we see that
Sel(F cyc, Ep∞ )Γ = 0. From this we conclude that Sel(F cyc, Ep∞) = 0 by Nakayama’s lemma.
(ii) For the p-adic L-function of E over F recall from [MSwD] that
Lp( f E , F )(T ) =
∏
psi
Lp( f E ,ψ,Q)(T ) (22)
where ψ runs over all the characters of G(F/Q) and f E ⊗ψ denotes the modular form f E twisted by
the character ψ . Now, as p is a prime of split multiplicative reduction for E/Q, the p-adic L-function
Lp( f E ,Q)(T ) has a trivial zero. Therefore g(T ) | T−1Lp( f E , F )(T ). By the hypothesis, it now follows
that g(0) is a p-adic unit and hence as above Sel(F cyc, Ep∞ ) = 0. 
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enable us to compute the special values of L-functions. From now onwards we take E to be a mod-
ular curve X0(N) of genus 1. We continue to denote the cusp form associated to E by f E and its
twist by a character ψ by f E ⊗ ψ . Let Ω± =
∫
γ± ω, where ω is the Neron differential of the curve,
and γ + (resp. γ −) ∈ H1(E(C),Z) is a generator of cycles invariant (resp. anti-invariant) under com-
plex conjugation. Further, P1(Z/N) = {classes of pairs c˜ : d˜ | c˜ ≡ c mod N, d˜ ≡ d mod N, (c,d) = 1}.
Consider the function
ξN : P1(Z/N) → H1
(
X0(N)(C),R
)
deﬁned by
ξN(c˜ : d˜) =
{
a
b
,
c
d
}
N
, for any ad − bc = 1.
Further, ξ±N and x
±
N are deﬁned as follows
ξN(c˜ : d˜) ∓ ξN(d˜ : c˜) = ξ±N (c˜ : d˜)γ ±, (23)
x±N
(
b
a
)
= ∓
n∑
k=1
ξ±N
(
(−1)k−1a˜k : a˜k−1
)
(24)
where an = a,an−1, . . . ,a0 = 1 are the successive convergents of b/a. Then the following formula has
been obtained in [M1,AV,V] (cf. [MTT])
L( f E ,ψ,Q)(1) = 1
2
G(ψ)
p
[ ∑
b mod p
ψ¯(b)xsign(ψ)
(
b
p
)]
Ωsign(ψ) (25)
where G(ψ) is the Gauss sum for ψ , and f E ⊗ ψ =∑a(n)ψ(n)qn , the twisted form. This value is
shown to be related to the p-adic L-function Lp( f E ⊗ ψ,Q)(0) at T = 0 for f E ⊗ ψ with χ = 1
in [AV,M2,V] (see [MTT] also), by the formula
Lp( f E ,ψ,Q)(0) =
⎧⎨⎩
1
αp
p
G(ψ)
L( f E⊗ψ,Q)(1)
Ωsign(ψ)
if ψ = 1,
(1− α−1p )2 L( f ,1)Ω+ otherwise,
(26)
with αp as the p-adic unit root of x2 − apx+ p if ψ = 1 and αp = ap if ψ = 1. Here L( f E ⊗ ψ,Q)(1)
is the usual L-function for f E ⊗ ψ . Using the formula (25) get
Lp( f E ,ψ,Q)(0) =
⎧⎨⎩
1
2αp
[∑b mod p ψ¯(b)xsign(ψ)( bp )] if ψ = 1,
(1− α−1p )2 L( f ,1)Ω+ otherwise.
(27)
5.1. The curve X0(11) and p = 11
Let E = X0(11), N = 11 and f E denote the cusp form of weight 2 associated to E . The prime p = 11
is a prime of split multiplicative reduction for E and it is an ordinary prime for f E . Let F = Q(μ11)
and put G = Gal(F/Q), so that G ∼= (Z/11)× . Let ψ be the character of G which maps the element
2+ 11Z to ζ , where ζ is a primitive 10th root of unity. Then
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ψ(4) = ζ 2, ψ(5) = (ζ 3 − ζ 2 + ζ − 1).
The remaining values and powers of ψ can easily be determined from these values.
We compute the values of x±11(
b
11 ) by using the formulas in (23) and (24) along with the values in
the table in [M1] for X0(11). Here we write ξ± for ξ±11. The values so obtained are tabulated below,
wherein the ﬁrst row displays the values of b11 , and the corresponding values of x
+
11 and x
−
11 are
written below them.
b
11 1/11 2/11 3/11 4/11 5/11 6/11 7/11 8/11 9/11 10/11
x+11 2/5 −8/5 −3/5 7/5 12/5 12/5 7/5 −3/5 −8/5 2/5
x−11 0 0 1 1 0 0 −1 −1 0 0
The various values of the p-adic L-functions at T = 0 computed using the formula in (27) are given
below,
Lp( f E ,ψ,Q)(0) ∼ −2ζ 3 + 2ζ 2, Lp
(
f E ,ψ
2,Q
)
(0) ∼ 2ζ 3 + 6ζ 2 − 4ζ + 2,
Lp
(
f E ,ψ
3,Q
)
(0) ∼ 2ζ 3 − 2ζ 2 − 2, Lp
(
f E ,ψ
4,Q
)
(0) ∼ 6ζ 3 − 2ζ 2 + 8ζ − 4,
Lp
(
f E ,ψ
5,Q
)
(0) ∼ 4, Lp
(
f E ,ψ
6,Q
)
(0) ∼ −6ζ 3 + 2ζ 2 − 8ζ + 4,
Lp
(
f E ,ψ
7,Q
)
(0) ∼ 2ζ 3 − 2ζ 2 − 2, Lp
(
f E ,ψ
8,Q
)
(0) ∼ −2ζ 3 − 6ζ 2 + 4ζ − 2,
Lp
(
f E ,ψ
9,Q
)
(0) ∼ −2ζ 3 + 2ζ 2, Lp( f E ,Q)(0) = 0.
It is easy to see that
∏
i =10 L( f E ⊗ ψ i,Q)(1) = 0, and it is also known that L( f E ,Q)(1) = 0, therefore
L( f E , F )(1) = 0. Hence Sel(F , E11∞) is ﬁnite and g(0) = 0.
Further,
∏
i =10 Lp( f E ,ψ i,Q)(0) ∼ 128000, which is an 11-adic unit. Therefore, the element
v(T ) :=∏i =10 Lp( f E ,ψ i,Q)(T ), is a unit in Zp[[T ]].
It is also known that Lp( f E ,Q)(T ) = T · u(T ), where u(T ) is a unit in Zp[[T ]]. This follows from
the Mazur, Tate and Teitelbaum conjecture (proved by Greenberg and Stevens in [GS], see [EPW,
Example 5.3.1] also). Therefore, Lp( f E , F )(T ) = T · v(T ) · u(T ). Combining this with Kato’s Theorem,
which we have stated as Theorem 5.1(iii), it follows that the ideal generated by T g(T ) is the same as
the ideal generated by Lp( f E , F )(T ). Hence the Main conjecture holds for Sel(F cyc, E11∞).
It then follows from Theorem 5.3(ii) that the classical Selmer group Sel(F cyc, E11∞) = 0. As p = 11
is a prime of split-multiplicative reduction, this Selmer group coincides with the strict Selmer group
deﬁned by Greenberg in [G1], so that the strict Selmer group is also zero. Again, as in [G1, Section 2],
we may show that the strict Selmer group is contained in the Selmer group Sel(F cyc, A fE ), where
A fE = E11∞ , with cokernel isomorphic to Qp/Zp . Therefore the λ f E -invariant of Sel(F cyc, A fE ) is 1,
while they have the same μ-invariant.
Further, it follows from the fact that f E is the only newform of weight 2 and level dividing 11 that
the Galois representation associated to the Hida family of f E is a Galois representation into GL2(Λ)
(see [EPW, Example 5.3.1]). Hence, the mod 11 residual representation ρ¯ is
ρ¯ : GQ → GL2(F11).
The residual representation ρ¯ is 11-distinguished. Thus, all the conditions on the residual representa-
tion, as in Section 4.1, that we require to deﬁne the residual Selmer groups are satisﬁed.
We have seen above that the μ-invariant of Sel(F cyc, A fE ) is zero. Hence Hypothesis 1 holds. Now
for k 2, there is a unique newform fk of weight k and level 11 that is congruent to f E modulo 11.
The weight 12 member of this family, say f12, is the 11-ordinary, 11-stabilized oldform of level 11
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zero.
Note that the tame level of f E is 1, therefore the terms mpr,mst as deﬁned in Theorem 4.11 for
this family are all zero. This implies that the Λ(H)-rank is nothing but 1+ 2mgd +ngd . As f E and f12
are in the same branch it follows that the Λ(H)-rank of Sel(F cyc, A f12) is also 1+ 2mgd + ngd .
In general, it might be diﬃcult to compute the numbers mgd and ngd for a given False–Tate exten-
sion. However, since the integer m that occurs in the deﬁnition of the False–Tate extension is at our
disposal, we can compute these invariants in some special cases. For example, take m = 1123. Then
m is prime with m ≡ 1 (mod 11), so that m splits totally in F . Therefore, if v denotes a prime of F
lying above m, then Fv = Qm . It is also easy to see that
τ (1123) ≡ 2 (mod 11)
where τ (n) denotes the nth Fourier coeﬃcient of . Let an denote the nth Fourier coeﬃcient of f E .
Then a1123 ≡ 2 (mod 11). Thus the polynomial x2 − a1123x + 1123 ≡ (x − 1)2 (mod 11). In other
words, ρ¯|GFv = 1. Moreover, there are [F : Q] = 10 primes of F lying above 1123. Hence mgd = 10
and ngd = 0. Therefore, the Λ(H)-rank of Sel(F cyc, A f12) is 21.
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